We describe periodic, one dimensional Schr odinger operators, with the property that the widths of the forbidden gaps increase at large energies and the gap to band ratio is not small. Such systems can be realized by periodic arrays of geometric scatterers, e.g., a necklace of rings. Small, multichannel scatterers lead (for low energies) to the same band spectrum as that of a periodic array of (singular) point interactions known as 0 . We consider the Wannier{Stark ladder of 0 and show that the corresponding Schr odinger operator has no absolutely continuous spectrum. PACS: 73.20Dx; 71.50+t 1
(limiting) cases, such as the periodic array of small geometric scatterers with many short channels, the band{gap structure (for low energies) approximates that of a periodic array of 0 .
The out of the ordinary band{gap structure of 0 comes together with an out of the ordinary Stark e ect: recall that for a large class of Stark Hamiltonians in one dimension, including Wannier{Stark Hamiltonians, under rather week di erentiability conditions on the potential, the spectrum coincides with the real axis and is (purely) absolutely continuous 4]. The Wannier{Stark ladder is not a ladder of eigenvalues (we refer the reader to 2], and references therein, for results on the question of existence of Wannier{Stark ladder as a ladder of resonances, and to 7] for the experimental status). In contrast, tight{binding models, which have only a nite number of bands, have Wannier{Stark ladders of (discrete) eigenvalues. Tight{ binding models may be thought of as a limiting situation of the Schr odinger operator with an in nitely large gap at high energies. The question whether the Wannier{ Stark ladder is a ladder of eigenvalues or not seems, therefore, to be related to the structure of gaps at high energies. This point of view has been stressed by Ao who also argued that the Kronig{Penney model is a borderline situation, which for weak electric elds has Wannier{Stark ladder of eigenvalues, but for strong electric elds does not 8]. Although we have nothing to say about this intriguing transition, our results provide some support to the overall point of view (see also 9] for related phenomena in the random setting).
Let Theorem. For F; 6 = 0 , the absolutely continuous spectrum of H(a; ; F) is empty.
Remarks: 1. The proof of the Theorem is rather technical and, therefore, shall be given elsewhere 10]. Below we shall sketch the ideas and the basic intuition behind the proof. 2. The assertion of the theorem generalizes to non-identical scatterers, i.e., to situations where is replaced by a sequence f n g which may be position dependent, provided j n j > 0 . . Thus, for = p=q rational, the (Neumann) essential spectrum is contained in the set (eF a) f`=q ? 1=2 j`2 Z g and has gaps (in fact, it is a nowhere dense, countable set). For irrational it is the real axis.
Our results say nothing on what is the essential spectrum (as a set) for nite nor if the spectrum is pure point or singular continuous. 0 is the wave number associated with an energy E ). Total re ection can be interpreted as a decoupling of the two sides of the scatterer which occurs here through a Dirichlet boundary condition. Decoupling is, therefore, a low energy phenomenon for Dirac's . On the other hand, for a single 0 the re ection amplitude is r = ik =(ik ?2) which approaches +1 in the limit k ! 1 . Now the total re ection can be interpreted as decoupling the two sides of the scatterer through an approach to a Neumann boundary condition.
The remarkable fact about 0 is that the decoupling is a high energy phenomenon! The e ective decoupling at large wavenumbers is at the heart of many of the unique properties we shall discuss below.
Consider now the onion{like scatterers with N channels, i.e. replace the N = 4 channels of Fig.1 by a general N . For simplicity sake, suppose that all the wires are ideal identical conductors of length L , and that the boundary conditions at the two vertices are that the wave function has a unique limit at the vertices, and that 
The re ection is periodic in k , something one expects for a geometric structure; there is no limit at high energies.
Note rst that in the k ! 0 limit, T N;`( k) ! T 0 (L=N) , expressing the fact that in the long{wavelength limit a geometric scatterer looks point{like. This, however,
does not yet say that geometric scatterers are like 0 , because, from our perspective, the crucial point of 0 is the high energy decoupling. In fact, as Eq. (5) shows, the re ection has no limit as k ! 1 . However, the re ection from certain geometric scatterers can mimic the re ection from a 0 in the following sense: consider the limit of a small scatterer with many channels: L ! 0; NL = , r(kL; N) ! ?(1 + 2i= k) ?1 :
When k ! 1 (but still kL 1 ) the re ection amplitude goes to ?1 , which gives the requisite decoupling at high energies (albeit through Dirichlet). One should therefore expect that such geometric scatterers will share with 0 some of its remarkable features. We shall now discuss evidence for this. By stringing geometric scatterers or point scatterers with wires, or with a second type of geometric scatterers, to a periodic necklace as e.g. in Fig.1 , we get a one dimensional system with spectrum made of bands and gaps. Let T Period (k) be the transfer matrix for one period, for wave number k . The discriminant is 
(for the necklace of Fig.1 , N 1 = 1 and N 2 = 4 ). It is known 1], and can easily be shown to follow from Eq. (7), that the band{gap structure of the Kronig{Penney 0 model has gaps that increase linearly with the band index n while the bands at large energies approach a constant width which is 4 h 2 =ma . This narrowness of the bands (compared with the large gaps) can be understood as a consequence of the fact that at high energies, the unit cells get decoupled since 0 approximates Neumann boundary conditions.
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The dependence of the discriminant of the necklace, Eq. (8), on k is, of course, trigonometric. This implies that the band{gap structure is periodic (or almost periodic) in k . In particular, both bands and gaps tend to increase, linearly with k , at large energies, as a consequence of the fact that E = h 2 k 2 =2m . Furthermore, the gap to band ratio is almost periodic as well. This behavior is qualitatively di erent from what one gets from periodic potentials where the dependence of the discriminant on k is not trigonometric and where, on general grounds, one has Period (k) ? 2 cos(ka) ! 0 as k ! 1 . The special case L 1 = L 2 gives rise to an amusing situation where half of the gaps (all the periodic ones) are closed. Fig.2 shows the discriminant and the bands for the necklace of Fig.1 as function of k . The length ratio of the wire to scatterer is 5 . (The discriminant is computed for the case where all four channels of the scatterer have identical lengths). As one can see, even when the number of channels is relatively small ( N 2 = 4 ), and when the scatterers are not really tiny ( L 1 =L 2 = 5 ), a feature of 0 emerges in that the second gap is larger than the rst, and the third gap is larger than the second. The pattern reverses and then repeats periodically. The gure shows one period. Taking N 2 larger and L 2 smaller leads to gap increase for many more gaps.
One can actually make the gaps grow with energy on arbitrarily large scales by taking increasingly complicated scatterers. For example, by considering the limit of Eq. (6) 
! 2 cos(ka) ? k sin(ka) :
The lower part of the spectrum coincides, therefore, with that of the Kronig{Penney 0 model with = . This supports the point of view that the 0 model can be a useful paradigm for certain geometric scatterers.
Let us now make a few comments regarding the proof of the Theorem, which is an adaptation of a technique previously used by Simon and Spencer 14] . Replacing the 0 point scatterer at a lattice point n 0 by a Neumann boundary condition, i.e. setting n 0 = 1 , is a rank one perturbation (of the resolvent) which decouples the right of n 0 from the left. It is a general fact that the absolutely continuous spectrum is stable under nite rank perturbations. The half lattice on the left is essentially like a triangular well problem and so has discrete spectrum. This means that the absolutely continuous spectrum is determined from the half line to the right of n 0 . We now repeat sending n j to in nity for a sequence of points n j , j = j 0 ; j 0 + 1; : : : , that march o to in nity. Although for large j the individual 0 n j are close to a Neumann boundary condition, one can actually not take any sequence of points. A judicious choice is to take a partial sequence of the points n j const + (j + 1=2) 2 , so that for large j , the Neumann decoupling takes place at points that lie deep in the forbidden gaps of the periodic problem, where the discriminant (k j ) O(j) is large. (The e ective wave number and position are related by conservation of energy: n j (k j a= ) 2 ). Indeed, one can show, via the asymptotics of Airy functions, that (H(a; ; F) + iE 0 ) ?1 ? (H(a; f n g; F) + iE 0 ) ?1 , where E 0 is a nite (real) constant, n = 1 for an appropriate subsequence, and n = otherwise, is a trace class operator. By the Kuroda{Birman Theorem 15] this gives the stability of the absolutely continuous spectrum. Since H(a; f n g; F) clearly has only pure point spectrum, the theorem follows. Fig.2 The discriminant for the necklace of Fig.1 as function of k . The length ratio of the connecting wires to the wires making the \onion" is 5 . The two straight lines are at 2 and the bands are drawn thick. One period (in k ) is shown and the pattern then repeats periodically.
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